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Part 1: Overview



What is Diffusion Model?

Assumption: “Real data is already in Random Noise; Diffusion model
retrieve the “real” data by denoising

What we want
(“Real” Data)

What we have

(Random Noise) What we don’t want

(Noise)



Basic Concepts

Forward (Diffusion) Process

Add noise

Add noise
—

—_—_




Reverse Process in DDPM

Random No

Step 999

IS€ Step T = 1000

X998

Step 1

Step 2

tt

XT
ise process a

Denoi

p(xr) po (X7r_1|xT) -+ P (X0|x1)dX4
Do (xr_1]xs)

fxl:T

po(xo)



Diffusion Process in DDPM

Step 999
Add
Noise
Step 2 . Step 1
Add / Add
Noise Noise

Also called: Forward Process




Part 2: Diffusion Process



X¢|x¢—1): Diffusion Process at t

Step t

Add
Noise

€:. Noise N(0,1)

0< B <P, << Br < 1: Noise Scheduler

J1=Bu B % > N(0,Dast > T




Noise Scheduler Examples

Linear:

Be=P1+ (Br — B) X =

Cosine:

Be = P1+ (Br — By) X PCOSST.UT)

Geometric
B: =B xyt,y=1

Others...



MNoise Level Over Time for Different Schedulers

| |
| —— Linear Scheduler

— (Cosine Scheduler
— Exponential Scheduler

Beta (Noise Level)

0 200 400 600 800 1000
Timestep



Efficiency in Adding Noise




ing Noise to X

Drive x4 by Add

q(x1]|xo)




(x,|xq): Drive x, by Adding Noise to x




. Drive X¢ by Adding Noise to Xy (Continued.

1-A=B)A~p

Sample x; from X, in 1 time step

v
q(x¢]xg) = N(xdﬁxo, 1—a.l)

4 N

a, =(1—B¢)
A C_Zt =C¥1a2°°-at
~N(0,1) - /




Part 3: Evidence Lower Bond



VAE vs. Diffusion Model

VAE: Variation Auto Encoder

)

VAE (another kind of generative model

Use VAE as a trivial example for

Diffusion

explaining diffusion




Common Objective in Generative Models

p@ (X) Pdata (X)

= arg min KL(paata (X)||pe (¥))



Common Objective in Generative Models

p@ (X) Pdata (X)

= arg min KL(paata (X)||pe (¥))



KL-Divergence and Maximum Likelihood Estimation

_ _ Pdata (X)
arg min KL(Paara (*)|lpe (x)) = arg min Eyp, ., [ 8 e ()
No 0 here
= [arg mgin Ex~p a0 108 Paata (x)]] —arg mein Ex~paacal108 Po(X)]

= arg max By, .. [10g pg (x)]

Suppose we sample {x1,x2, -, x™} from pggeq ()

z[arg mglxzyil log pg (Xl)] Maximum Likelihood Estimation




Compute log p(x) is impossible

log p(x) = logfp(xlz) p(z)dz

Consider all possible z




Evidence Lower Bound of log p(x)

log p(x) = logp(x) fq(ZIx) dz =
“ Encoder, can be any

distribution

) p(z, %) q(z1x)
= fzq(z|x) (q(zlx)) dz + fzq(z|x) (p(zlx)) dz

p(z,x) _ p(x,z)
q(Z|x>) dz = {ECI(ZW llog 2zl

KL(q(z|x)|lp(z]|x)) = 0

> [ q(z10) (

L ower Bound of log pg (x)
ELBO



ELBO(x)

M/\/ log p(X)

 KL(q(z]0)||p(z]x))
/N’\
ELBO(x)

Maximize ELBO(x)
can help achieve the goal of maximizing log p(x)



Further Derivation of ELBO(x)

ELBO(x)

= [IEq(Z|x) |log p(xlz)]]— [I(L(q(zlx) | Ip(Z))} How good the encoder is
how good the decoder is

qizlx) ~ plxl2)



Part 4: ELBO of DDPM



Optimization Goal of DDPM

VAE
. . _ p(x,z)
Maximize pg(x) — Maximize ELBO(x): E % llogq(zlx) ,
latent variable z Encoder
Diffusion

p(Xo, X1.T)
[lO q(xq.7|%0)1’

Maximize pg(x) — Maximize ELBO(x,): B Gerrlxo)

latent variable x{.r Diffusion (Forward)
Process



Evidence Lower Bond of DDPM

log p(x) = EEq{Ilzrlmc:] log

p(xO:T)
PTCIAED

p(mﬂ:‘]"‘} ‘J
= ff{fﬂi:ﬂmﬂT] EBLO = ]ECI(xl:Tle) [10
log p(er) | 1= po(®i-1|z:) ]
H:_=1 q(xe|Ti—1)
= p(@r)pe(@olz:) [T_s po(@i—ilz,)
= Eg(as.r|z0) |108 :
qg(z1|20) [T, g(@i|@e—1)

plxr)pe(xo|Ty) H?:g pe(xi_1|x:)

g(®1]20) [11—s q(@e|Te—1, 20)

T
T PelTi—ilxe)
+ log
g(z1|zo) A q(xe|xi—1,20)

- [EQ'{EI:'A'|I:J]

=E log

glxi-T|x0)

_pe(xT)pe(zo|x1)

= E log

glx1-T|®0)

T

—F log p(xT)pe(To|z1) i IUEH pel(T:_1T:) ]

glz1-7|20) Q{mllmﬂ} glxs 1|2 xo)glxe|20)

t=2 gl®es_1|20)

Understanding Diffusion Models: A Unified Perspective
https://arxiv.org/pdf/2208.11970



Evidence Lower Bond of DDPM (Continued.)

=E

plxr)pelxo|xy) pel(xi—1|x:)
+ log
2#1(%o) H = W

e g PErIPe(@ol®y) | glzdaw) | rr _Pe(@i-ilz)
glx17|T0) & g g
glz+1T0) q(zT|z0) s gl @, x0)

T
pler)pe(xo|T) pelxi_1|x:)
= Eg(zy.r|zo) [1OE - E log

a(=1:x| j_ !}'(iﬂﬂfﬂn} ffffﬂt—1|mf-.i1=n}

log

Q‘{El =T |1‘n:|

plxr) [ pe(zi—1|z:)
= E,prtoo 102 26 (20|21)] + Eofmrr o {m + 5 E, i iaey |log
(17| :I[ E!E( ﬂ| lj] 9(@1:7|=o) E{f{mT|mﬂ'} Z al | :I_ E{f(mt—”mi-.mﬂ}_

PE{mt—1|mt} |
q(xi—1|T¢, xy) |

pleT) ]
=E log E log E E log
q‘{:ﬂ] |:I!![;|::| [ Uéjjﬂ{mﬂ|m1j] —l_ Q{Ix'liﬂ:“} [U q H_':-]-|:.'[:ﬂ ] q{."ﬂg H - 1|I|;]:| - U'ls:ﬁ

=|Eq(@:|a0) log po(xo|21)] — Dxrg(zT|20) || p(2T)) Z[Eq{:ntlmn) [Dxcr(q(@e—1]@e, o) || po(@i—1]a:))]

- " i=2
reconstruction term prior matching term |denocising matchmg term|

v
Also called “consistency term”



Optimization Goal

Maximizegy ELBO =
Maximize, IEq(x1|xO)[logp9 (xo|x)] — KL(q(x7|x0) |Ip(x7))

— Yi=2 Eg(x,|x0) [KL(q(ce—1lxe, x0) |[1pe (-1 1))



Consistency Term

— Y2 Eq(xt|x0) [KL({CI(xt—l xt,xo)]| |[Pe (xt—llxt)j]

\ 4
True distribution of x;_4

v
Predicted distribution of x;_4




q(xt—l ‘xt' xO)

q(xe_qxe, x0)

Xt

. q(X¢—1,X¢.X0) _ q(xelxe—1)q(xe—11x0)q(x0) . q(x¢)|xe—1)q(xe—1]x0)

q(x¢,xo) q(xt|x0)q(xo) q(xt]|xo)




(xe|xe—1), q(xe—1]x0), q(x¢]|x0):

nown, G

nown, G

nown, Gaussian
(x¢|xo):




Derivation of q(x;_1|x¢, xg)

Q‘(mﬂﬂ?‘z—la $n)§‘($t—1|$ﬂ)
Q($t—1|$ta$n) —
q(xt|x0)

N(xe: o1, (1 — o) DN (241 /A —10, (1 — a—1)I)
Nz oo, (1 — ay)I)

~ exn d — (e — Jarxi—1)? N (T—1 — /A1)’ B (xy — /ayx)?
P 2(1 — o) 2(1—ap_1) 2(1 — ay)
1 [(x, — \.«’atmt—l)g (-1 — Jar—120)* (Tt — Jarxo)?
=expqy—5 + - — -
2_ ]_—(]it ]_—let_l ]_—ﬂft
1 [(—2/ _ Y2 x? -2/ 1T
—ep L ( QLT Ti—1 + Xy ) _|_( ‘1 — 2y 1t 0) + Oy, o)
2 i 1 — Cky 1 — vy
1 [ 2 /ax,x,_ ax? x2 2. /0 1T4_1T
o exp 4 —= | - VO Ty t-1 | MTia -1 t—1%¢-1Z0
2 i ]_—fl‘t ]-_ﬂt ]-_ﬂi—l ]_—Clit_l
1] « 1 oy T NGTIRY
—expd -2 ¢ : )mi?—l _ 9 LT 4+ —1%o )
2 _]_—ﬂ’t ]_—(.1‘1_1 ]_—[')!t ]_—(]!t_l
1 [y (1 —ay_ 1— ; Vo T NG
— expd—= (]it( vy 1) +_ ¥y $f_l 9 tel-t 4 Xy -lfﬂ[] T, 1
2 i (]_—I'It)(]_—(]it_l) ]-_ﬂt ]_—ﬂ’t_l

https://arxiv.org/pdf/2208.11970



Derivation of q(x;_q|x¢, xg) (Continued.)

1 [ ag—ap+1—c¢ ; VoG T T ]
=cxp{—— vy — vy + - vy mf—l_2( tLt n (It_lﬂill)m!_l }
2 _(1—{’.}.‘5)(1—{11_1) ]_—(.1“.: ]_—ﬂ‘,:_l i
1| 1—a ; VO T i ]
— exp {__ ¥y _ mf—l _ 9 ( telt n (Yt _13311) T, 1 }
2 _(1—{1‘1)(1—(11_1) ]_—{fl‘,: ]_—{.'l‘,:_l i
( i VO T + V1&g
Cxp < ]_ ( ]_ - Eﬁft ) mg 2 1_&.', l_&.',—l -
= A — t—1 —a t—1
k 2 \(1—a)(1 =) I (1—ml)(ffa¢_l)
1 1 — ay , (‘fiﬂi‘ + “ﬂ—;f_m;”) (1— o)1 — @)
=exp{ — = - Ty — 2 5
2 (1—(11)(1—(I¢_1) l—ﬂ*g
1 1 o Vai(l —ai—1)xe + Var—1(1 — ay)xo
= exp 4 ~3 ( T Ye ) !:I:t_l — 2 1—a Tt—1
( 1,*'(.1‘11(1—&1_1)$£+\£&t_1(1—ﬂ1)${} (]_—l’]!t)(].—uﬁ‘,:_l) A
DCN(iI?t—l' 1- a4 3 1—a I)
\ #q(;,mn] Eq(t} )




X¢_1|X¢, Xg): Gaussian

Gaussian
Mean Variance
C_(t—l 1— at)xO + \/ C_(t(l — C_(t_l)xt 1-— at)(l o §t—1

.uq (xt; xO) Zq (xt)l — O-c? (t)



Optimization Goal in Consistency Term

A Gaussian
Eq (e |x0) [KL ([q (xe—1lxe, xo)]| |EUH (-1 |xt)])]

Another Gaussian, with
How to minimize the KL divergence? variance: zq(xt)l — 0‘5 )

Closer tunable

>

_X
fixed *-

Recall that the KL Divergence between two Gaussian distributions is:

1 |2y

— 11
2 [ %13,

DL(N (2 pz, Bz) | N (y; oy, 2y)) —d+ (2,7 2) + (py — )" By (py — pa)



Optimization Goal in Consistency Term (Continued)

Var—1(1 —ap)xy + \/Et(l — Ap—1)X¢

1_C_Zt

:uq (-xt; xO) —

6




Optimization Goal in Consistency Term

arg min Dy, (g(x—1 |z, o) || pelTi—1|zy))

7
= argmin Dgp, (N (zi—1; g, 2q(t)) || N(@i—1; pa, Xy(t)))
0
oL [ (E)] _ 1 T 1y,
= arg min — |log d+tr(X, (1) 2,(t)) + (e — pg)” By(t)” (e — pg)
o 2 X
1.
— arg min 5 logl —d+d+ (ue — o) 2, (1) (e — ,uq}]
0
.1 _
= arg;nln 9 (1o — ”Q}Tzq(f*) (o — P'*f;:'] 1 5
R T arg ming —— ||| ig (x) — tg (X, x0)|12]
= argmin 5 (o — pg)” (o (t)I)  (po — Hq}] ZO'q ()

1 2 Loss Function
:[drg;nm Zr:rg(ﬂ [H,u,ﬂ — #qg}]/

https://arxiv.org/pdf/2403.18103



V-1(1 — a¢);
T P i {Xe(xt)]

l

l.e. U-Net
Align with

\/_(1 A 1)

1C¥t

g (X, x0) =

A neural Network,

\/ ar—1(1- Oft)

1C(t



U-Net

1 64 64

128 64 64 2

\J
\4
\/
4

392 x 392
X
388 x 388

572 x 572
570 x 570
568 x 568

¥ 125 128 I

2842

=» conv 3x3, ReLU
copy and crop
¥ max pool 2x2
4 up-conv 2x2
=» cONv 1x1

U-Net: Convolutional Networks for Biomedical Image Segmentation
https://arxiv.org/pdf/1505.04597



po (x¢—1|x¢)

Po(Xe—1]xe) = N (xp—1|pe (x¢), Uc? () Will explain in the
inference part

—= X1 = g(xy) + 0 (8)z, Where[z~ N (O, I)]

_ Jar(1-a_q) x. + \/C_Zt—1(1—at)t5c\

 1-ay t 1-a@,

o(x) +05()z




Rewrite Loss Function in Consistency Term

557y ke (x0) = o G xo)I ]

|l
—
—
il
D
N\
=
ﬁ
N’/
|
=
o
ST
—

IN consistency: t = 2



Rewrite Loss Function in Consistency Term

557y ke (x0) = o G xo)I ]

|l
—
—
il
D
N\
=
ﬁ
N’/
|
=
o
ST
—

Model

IN consistency: t = 2



The Reconstruction Term

Eg(oq]%0) I[logpg (xo |x1)]]




Reconstruction Term

po(xo|x1): Recover x, from x4

Need: Eq(x1|x0)[10gpe (oo [%1)]

o o
’ N i
B, Nal, S A
Y ~f’f . L/ ~
XY Vo Nt )
0 22N N ﬁ ﬁ [y
\;" q,»' [y, \ Y 5 :_.-i.
Ty
S
e
.

po(xo|x1)

|

N (x0|pg (x1), 04 (I )




Reconstruction Term Derivation

log pe (xo|x1)

C_(():l
—_— t _
_ = 1al»al—a1

Ja (1 — C_lo) \/_(1 — 1)

<« 4.“0 (xl) — 1— & —~ XQ(xl)
o Ge) = xoll 1
Zaq (1)

| 1 S _ 2
=~ 77205 180 Cen) — woll3




Match with Consistency Term

(ZO —_ 1
— _ t — _
1 O = 11j=1 @, 1 = g
74
1 @y(1-ay)?

T 202(1) (1-ay)?

log pg (xo]X1)

129 (x1) — xol|3 fort = 1

(Reconstruction Term)

1 @1 (1-ap)?
205(t)  (1-@p)?

Recall: [|1Zg(xp) — x||5 fort = 2

(Consistency Term)



Prior Matching Term
- KL(q(xrlxo)|[p(xr)) |

Add Add
Noise Noise

q(xr|xg) = N (0,1

A

KL
v

No 6 to train, measure how
good the noise scheduler is

p(xr) = NV (0, 1)



Rewrite the ELBO

1 @pg(l-aq)?

Y _ 2
20-5(1) (1-04)>2 ||XQ(X1) x()”z

Maxmizeg ELBO = l
Maxmizeg Eq(x1|x0)[logp9 (x0|x1)]] —~KLlagerterttotr))

— D=2 Eg(x,|2x0) [KL(CI(xt—1 |, %0) [P (¢ -1 |xt)j]

2
129 (x) — %013




ELBO and Loss Function

T
1 a_1(1-— at)z
ELBO=—ZIE [ ——— 1% (x) — xol3]
L a(x¢|xo) ZO'C%(t) (1-—a,)? o\t 0ll2

Loss Function:
T

) _ 1 CYt—1(1 — “t)z ~
0" = argming ) — a7 Batxero) 1% G0 = xol]
t=1 4 ‘

For a particular x;: Image Prediction
2
— xo”z]




Part 5: Training and Inference



Training in Image Prediction

Repeat: .
Pick xo from training dataset “Z]

Pick t from Uniform|1, T|

Draw a sample xt~N(xt|,/c_xtx0,\/1 — a;l)
Take gradient descent step on:

Voll%e (x) — xoll3



Training in Image Prediction (Batch Version)

batch size
Repeat: _—

Pick xgN (xg, x&, +++, x0) from training dataset

Pick t1'N (t1,¢2, -+, tV) with t"~Uniform[1,T] fornin 1: T

" samples:

x"~]V‘(1/c_xtan},\/1 — a;nl)

Draw x N for nt

Take gradient descent step on:

VollZo (x*™) — x™ |13



Recall: pg (xr_q1|x¢)

Pe(xe_1]xe) = N (xe—1|pg (x), 05 (D)

= Xe—1 = Hg(xy) + 05 (t)z, where z~ N (0,1)

z[\/a_t(l_c_xt—l) xt_l_\/c_xt—l(l_at)the(xt) +O'§(t)ZJ

1—a; 1—a;




Inference in Image Prediction

Sample a Noise x ~N (0, 1)

Repeatfromt =T tot = 1:

Update according to x;_;~pg(xr—1|x¢)
Generation Diversity

(xe) + 02(t)z.




Add Noise in Generation

Non-deterministic Generation:




Inference in Image Prediction (Batch Version)

Sample a Noise x+ ¥ ~N(0,1)
Repeatfromt =T tot = 1:
Sample z*N from NV (0, 1)

Update x;Y , with each x*; ~pg (7~ 1 |xI)

. ar(1l—as+_ : 1 A .
x%_]\{ \/“_t(l_c_:it 1) xl}_N N 1_(at“t)t O(xt N) + Ué(t)ZLN



Noise Prediction

Forward Process

X0
ictor /

Xt

Image Pred

Xt
Noise Predictor

Experimentally better




Optimization Goal Noise Prediction




Optimization Goal Noise Prediction (Continued)

.uq (xt) xO)

Image Predictor

1 1- " T (1-a, =1
o (x;) = e (xe — Ner /—fiat %9 (xt)]) tq(xe, Xo) = ﬁt(ll_azt C +JF11_<% %

o (xe) =

Ja(-a,_)  Ja_.a- k
— X¢ +
1-— ¢ 1-—

— Xg\ X
z o(x¢)



Rewrite ELBO

Image Predictor

ELBO =

Noise Predictor

ELBO =

1% (x) — xo]3

\ 4

l1€6Cxo) — €ol|2




Training in Noise Prediction

Repeat: o
Pick xo from training dataset 72{s¥

Pick t from Uniform|1, T|

Draw €4 noise from N (0, 1)

Drive x; = /@eXo ++/1— Teco 1

Take gradient descent step on:

Volléo(xt) — €oll3



Training in Noise Prediction (Batch Version)

Repeat:
Pick x5 from training dataset

Pick t*N, with t"~Uniform[1, T]
Draw €5 , with e} ~N(0,1)

h

Drive x**N  for nt* samples:

x" = Jamxl + /1 — el
Take gradient descent step on:

Vollég(x"") — €53



Rewrite pg (x¢_1|x¢)

1—CZt

Po(xr—1]x¢) = N (xpe—1|pg (xr), 05 (OI) ~ He (x¢) = \/%t (x¢ — Ja/i-a, €o(x¢))

- X;_q = g (xp) + o5 (t)z, wherez~ N(0,I)

1—at

= = (e~ iy (x) + 02 (02




Inference in Noise Prediction

Sample a Noise x; ~N(0,1)

Repeatfromt =T tot = 1:

Draw z from N (0, I)

Update according to xy_1~pg(xr—1|x¢)

[xt—l = \/%t (xe — \/%f/a_t €g(x)) + Uc?(t)Z]




Inference in Noise Prediction (Batch Version)

Sample n noise x7, with x7 ~N(0,1)
Repeatfromt =T tot = 1:
Draw z*, with z"~N (0, 1)

Update x} N :

i = Y — R g () + o3 (07
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